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Direction-Cosine Attitude-Control Logic for
Spin-Stabilized Axisymmetric Spacecraft

DARA W. CHILDS*
Colorado State University, Fort Collins, Colo.

The developments of this study yield a control logic for the active attitude control of a spin-
stabilized axisymmetric spacecraft. The derived control logic makes use of direction cosines
for attitude definition, and is not restricted by either small angle assumptions or by the kine-
matic singularities associated with Euler angles. The active torqueing capability is provided
by means of a reaction-jet system, and the control logic is simplified by assuming that con-
trol torques may be applied impulsively. The control logic formulated is optimal in the sense
that each control impulse is delivered in such a manner as to cause a maximum deduction in
"system error."

Nomenclature

11 = moment of inertia for the x% principal axis
Mi = external torque acting on the z, axis
wi = components of the angular velocity vector in the z»

system
12 = co3(0 = spin velocity
u(t) = control magnitude defined by Eqs. (1)
77 00 = control phase defined by Eqs. (1)
I = /i = 72

a = (73 - /)//
[A] = direction cosine matrix
-y; = angle between the Xi axis and the X$ inertial axis
ttis = COSy;

O) = COl -f- i(t3-2

Oi = ai3 + W&23

6 = phase of co
0 = phase of a
\J*\ = magnitude of control impulse i
rj{ = phase of control impulse i
b = h/I = inertial parameter
M = 612
\H\ = magnitude of rigid-body angular momentum vector
/? = | H\ // = precession rate
5 =. tan'^/lw0!//^) = coning angle
X = angle between the angular momentum vector H arid the

inertial X$ axis
f° = spherical angle defined in Eqs. (25), and illustrated in

Fig. 2
E = error function defined in Eq. (29)
G — optimization criterion to be maximized denned in Eq.

(30)
£ = the angle between the X* — Xi and X$ — Xz planes
\}/ = the angle between the Xz — x\ and Xz — H planes

Subscripts
1,2,3 = refer to the Zi, Z2, zs axes
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Superscripts
0 = refers to an initial time i = 0
1 = refers to either the time at which the control impulse

Jl5(t — i1) is applied, or to the state of a variable or
parameter immediately following the impulse

Introduction

THE basic objective of the analysis that follows is the
synthesis of an active feedback attitude-control logic

for spin-stabilized axisymmetric spacecraft. Control torques
are to be generated by means of a reaction-jet system, and
the proposed control logic is simplified by assuming that con-
trol torques may be applied impulsively. Pulse-width
modulation is suggested for generating the derived control
impulses.

Windeknecht1 was the first of several authors2'3 to suggest
impulsive control logic for passively damped spacecraft.
Since passive damping systems are only effective if the spin-
axis moment of inertia is greater than either transverse-axis
moment of inertia,4 the control logic suggested in Refs.
1-3 is not workable for many spacecraft configurations. In
contrast to these systems, Porcelli and Connolly5 have sug-
gested a control logic for the active control of slender (i.e.,
"pencil-shaped") spacecraft and dual-spin spacecraft.6

Childs7 has recently suggested a control logic which is ap-
plicable for axisymmetric spacecraft of arbitrary inertial
proportions; i.e., it could be used to control a "disk-shaped"
body or a "pencil-shaped" body. It is not appropriate,
however, for a spherical body.

All of the previously cited control approaches employ
Euler angles as kinematic variables and are restricted in
application to situations which do not require "large" angular
reorientations. The control logic suggested by Porcelli and
Connolly and by Childs are based on linearized Euler angle
models which become questionable for angular reorientations
in excess of 15° (approximately). Although these control
approaches could be extended by changes in reference, a more
fundamental approach consists of employing a kinematical
representation which does not have the inherent kinematic
singularity associated with Euler angles. The components
of the direction cosine matrix8'9 are such a representation,
and the analysis of this study makes use of them in a develop-
ment similar to that of Childs.7

Control Model

The basic attitude-control requirement for spin-stabilized
spacecraft is that the spin axis be placed and maintained
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within some small defined neighborhood of a prescribed
orientation. The physical variables that must be controlled
are angular rates and angular displacements. The angular
rates may be defined by Euler's equations of motion for a
rigid body which, for an axisymmetric body, are stated as

coi + a!2co2 = MJ = u(t) cosrj(t)
Mz/I = u(t) si

= co3(0) =

where

a = (/, - /)//

(1)

(2)

and the subscripts 1, 2, 3 identify body-fixed Xi,. xz, xz prin-
cipal axes with the #3 axis the axis of symmetry. The origin
of the Xi, xzy x% system coincides with the mass center of the
rigid body. The variables coi, co2, co3 and MI, M2 are, re-
spectively, the components of the angular velocity vector of
the body and the external torque vector. The parameters
I and 73 are, respectively, the transverse (7i = 72 = 7) and
spin-axis moment of inertias. The form of Eqs. (1) implies
that control is to be supplied by a gimballed torqueing sys-
tem, i.e., that rj(t) is an unbounded control variable.

The angular orientation of the body-fixed Xi system rela-
tive to an inertial Xi system may be defined by the direction
cosine matrix [A]. If the components of the arbitrary
vector v in the Xi and Xi systems are denoted, respectively,
by (vi) and (v)i, the direction cosine matrix satisfies

(t», = [A ](»)/; = [A]T(v)t (3)

where T denotes the matrix transpose operation. Further,
the matrix [A] is related8'9 to the components of the angular
velocity vector cited in Eqs. (1) by

where

[A] = -[(co)][A]

[(co)] = " 0 -cos
co3 0

_ —C02 COi

— COi

0 .

(4)

(5)

Since only the spin-axis orientation is significant, one ex-
tracts from Eq. (4)

(6)

These variables are not independent, since they satisfy the
kinematic constraint

= 1 (7)

Equations (1) and (6) constitute the system of governing
equations. The kinematic definition given in Eqs. (6) is not
restricted by either small angle approximations or by kine-
matic singularities.

The control logic derived in this study is based on the
assumption that the effect of a "short-duration" firing of the
gimballed reaction jet can be adequately approximated by an
impulse. Since a reaction jet is essentially an "on-off" de-
vice, i.e.,

u = JJ > 0, or u = 0

the magnitude of a control impulse is approximately defined
by

/ = Ul&t
where A£ is the firing duration. By varying A£ one obtains
impulses of varying magnitude. This approach is commonly
referred to as pulse-width modulation.

To determine the effect of a control impulse, Eqs. (1) and
(6) are restated as

u(t)

and

where

co =

a = za&co —

«33 = C02&13 — C01&23

u(t) = u(t)e*«®
The solution to Eq. (8) for the control impulse

U(t) = (Ji/I)d(t - «i) = (\Ji\/De*»d(t -

can be expressed as

co(0 = u°eia™ 0 < t < t1

(8)

(9)

(10)

(11)

(12)

where

co(r) = coVai2r 0 < r

= t - t1, co° = co(0) =

ial»i _j_ (/I//)
(13)

From Eq. (12), Eq. (9) is reduced to a system oi linear time-
varying differential equations. The transformation

= i(am + *o) = i(am + 00)

further reduces Eq. (9) to the linear time-invariant system

z + ifjLZ = i co°|a33
(15)

where

= a + 1 = 78/7, M = (16)

The solution of Eq. (15) is readily obtained, and from Eq.
(14) yields for t < t1

a(t) = a°eiaxu - i\

and

088(0 =

where

Hence,

- 0°) X

X
i/3° sm/3°t]eiam (17)

+

(18)

= [(7312)2 + (7IC00!)2]1/2// (19)

= H»\/I (20)

where H° is the initial angular-momentum vector of the rigid
body. The solution for t > t1 (or T > 0) is obtained from
Eqs. (17-20). by replacing the index 0 by 1 and substituting
T for t.

Although the solution developed above is formally correct,
it is physically unmotivating, and a more meaningful solution
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format is obtained via the following definitions.

sin5° = I|

cos5° =

\H°\ cos\°

(21)

(22)

(23)

The angles defined above are illustrated in Fig. 1, and one
observes that X° is the angle between the angular-momentum
vector H° and the inertial Xs axis, while 6° is the angle be-
tween the angular-momentum vector and the spin axis. The
angle 73 obviously lies between the #3 axis and the X$ axis.

Of these three angles, X° and 5° are piecewise-constant
functions of time (stepping discontinuously when an impulse
is applied), while 73 is a continuous function of time. From
the last of Eqs. (3) and (23), one obtains

cos\° = cos73° cos§° + sin73° sin5° cos(<£° - 0°) (24)

which yields, in conjunction with Eqs. (21) and (22),

= cos5° cosX° + (cos73° - eos£° cosX°) cosjOT -
in(<£° - 0°)

for Eq. (18). This result is further simplified by the substi-
tution

(25)

(26)

sinf ° = sin73° sin(<£° — 0°)/sinX°

cosf° = (cos73° — cos5° cosX°)/sin5° sinX°

which yields

0,8(0 = cos5° cosX° sinX° cos(f °
The planar representation of Fig. 2 illustrates the spherical

trigonometry involved in this torque-free rigid-body solu-
tion with the spin axis precessing about the angular momen-
tum vector at the rate /3°. Eqs. (24) and (26) are simply an
expression of the law of cosines for arcs from spherical
trigonometry.

Control Synthesis

By a suitable definition of the inertial Xi system, the gen-
eral attitude-control objective can be interpreted as the re-
quirement that the #3 axis (spin axis) be placed and main-
tained in coincidence with the inertial X% axis. In terms of
the state variables, the desired terminal state is then defined
by

) = an(T) = a,,(T) = 0

= 1=) 73(70 = 0
(27)

where T is the first time for which Eqs. (27) are satisfied, and
is unspecified.

From Eq. (26), the solution for a3s following application of
a control impulse is given by

a33(T) = cosS1 cosX1 + sinS1 sinX1 costf1 + /3V) (28)

Fig. 1 Illustrative def-
inition of the angles X°,

#>, 73.

A given control impulse will be defined as optimal if it mini-
mizes the system error that follows the impulse. In view
of the desired terminal conditions cited in (27), system error
is defined as the maximum value of the spin axis angle 73, i.e.,

E = max7s(0 (29)

Hence, the initial system error is defined by EQ = X° + 5°.
Equivalently, a control impulse is optimal if it maximizes
the minimum value of a^(r) which occurs following a control
impulse. From Eq. (28) the quantity to be maximized is

(30)rjV1) = cos(X1 -f 51)

The necessary conditions of optimality, d(r/d| J
= 0, are satisfied by

sin(r° +

+ 0° - r?

0,

= 0,

cos(f° + /

0° -

= 1 (31)

(32)

Although the formal confirmation of these results is lengthy,
their kinematic significance is easily appreciated from Fig. 3.
Eqs. (31) imply that the optimal firing time t1 occurs when
033(0 is a maximum (or 73(0 is a minimum), whereas Eqs.
(32) imply that the "new" angular-momentum vector H1 is
to lie in the plane defined by the initial angular-momentum
vector H° and the inertial X% axis. This latter statement
can be better appreciated by noting from Eqs. (13) that

2|co°||/1|// + 0° - +

If in addition to Eqs. (32) , one also has

I/1 = 7|co°|

then | co1] = 0, and the resultant angular-momentum vector
H1 would lie in the H° — X$ plane. The firing time t1 and
impulse phase rjl defined, respectively, by Eqs. (31) and (32)
affect this desired result irrespective of the impulse magnitude
| J1 . As a consequence, one obtains

= \o _ go (33)

Note was made previously that the optimum firing time
defined in Eqs. (31) occurs when X3(0 is a minimum, which
means that the optimum firing time can be determined from
sensor measurements of Xs(0- From Eqs. (32) it then be-
comes necessary to measure the angular velocity phase 0(0 =
0° + a£lt to determine the optimum firing angle r;1 = 0° +
a&t + TT. Since drift-free continuous measurement of the
angular-velocity vector can be expeditiously accomplished
by means of accelerometers,10 the sensor requirements for
Eqs. (31) and (32) are comparatively modest.

It is also possible to realize the desired control logic using
only angular measurements, i.e., one need not measure the
angular velocity phase 0(0- This can be accomplished from
the kinematic interpretation given above and in Fig. 3 for
Eqs. (31) and (32). The following additional angle defini-
tions are required. The angles between the X$ and x\ axes
and between the X3 and z2 axes are denoted, respectively, as

Fig. 2 Planar representation of the motion denned by
Eqs. (17) and (26).



922 D. W. CHILDS J. SPACECRAFT

Fig. 3 Kine-
matic interpreta-
tion of Eqs. (31)

and (32).

7i and 72; hence, an = cos7i, a^ = 00872. The angle be-
tween the X* — Xi and X3 — #2 planes is denoted as £, while
the angle between the X3 — Xi and Z3 — H° planes is \//.
Finally, one denotes rjl = rj1 — IT. With these definitions
one obtains from Fig. 4 via spherical trigonometry (the law
of cosines for arcs)

cos?) cos7i

sinrj1 = — 00872

+ sin7i 00873

81117-2
(34)

and

(35)
C = cos7i COS73 + shi7i

0 = COS72 cos7s + sin72 sin73 cos(£ — \f/)

Hence, from Eqs. (34) and (35)

cos??1 = — cos7i/sin73, sin??1 = — cos72/sin73 (36)

and from Eqs. (10) and (22)

cosy;1 = cos^1, sin rjl = sin^1 (37)

Eq. (37) may then be used in place of Eqs. (32) to define rjl.
The necessary conditions of optimality (dG/d\Jl\ =

dG/dt1 = cXr/dr/1 = 0) do not yield a unique value for \Jl\.
A graphical illustration of this statement is provided in Fig.
5 where one notes (for X° > 5°) that any \Jl\ in the range

7|co°| < I/1! < 7|w° -f 730 tan(X° - 5°) (38)
yields the same optimal performance index, namely,

G'lopt = cos(X° - 5°) => W = X° - 6° (39)
Similarly, one finds for the X° < 5° class of initial conditions
that

and
Gl opt = cos(5° — X°) ==) El = 5° — X° (41)

In review then, the general solution for the optimal firing
time t1 and impulse angle rjl are given, respectively, by Eqs.
(31) and either Eqs. (32) or (37). The optimum impulse
magnitude is defined by expression (38) if X° > 6° and by
expression (40) if X° < 5°. There are two special cases not
covered by this general solution, namely, X° = 0 and |co°| =
0. In both cases, tl can be chosen arbitrarily, since 73(0 is
constant. In the |co°| = 0 case, Eqs. (37) are used to define
rj1 and \Jl\ is required to satisfy expression (38), whereas if
X° = 0, 7?1 is defined by either Eqs. (32) or (37), and \Jl must
satisfy expression (40). In both of these cases, the optimal
control impulse does not reduce system error; however,
any other nonzero control impulse increases system error.
The solutions provided secure a global minimum for the
error function defined in Eq. (29). Although a mathe-
matical verification of this statement is both lengthy and
tedious, its validity is established by Figs. 3 and 5.

A single control impulse, even if unrestrained in magnitude,
can not in general achieve the desired terminal conditions
given in Eqs. (27). Since control impulses will in fact be
magnitude limited, a sequence of best impulses, S«7*5(£ — t*),
will be required to drive the system error into an acceptable
neighborhood of the point defined by Eqs. (27). The con-
straint cited in expression (38) for optimal impulse magnitude
(for X° > 5°) makes no provision for physical limitations on
impulse magnitudes |/*|, although they are in fact bounded
both above and below as follows

_jv i/ max (42)

The lower bound arises because of physical limitations while
the upper bound is necessary to insure that the "impulsive
character" of control torques is preserved. With this in
mind, two nonoptimum possibilities become evident in ex-
pression (38), namely,

|/Lax <7|«°| (43)

and

|j|min > /|co°| + I ft tan(X° - 5°) (44)

Condition (43) would be likely to arise in the acquisition
phase of control when |/|max is too small to achieve the de-
sired optimum given in Eq. (39), whereas condition (44)
would be encountered near limit-cycle operation with |J|min
exceeding the allowable desired maximum. From Fig. 5,
however, one would conclude that a control impulse will al-
ways reduce system error providing

(45)

- 73ft tan(6° - X°) < \Jl\ < 7|co( (40)

Fig. 4 Spherical trigonometry definitions.
Fig. 5 Range of optimal and effective control-impulse

magnitudes for X° > 5°.
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If control is applied when |j|min > /|co°| + I£l tanX°, system
error [as defined by max y(t) ] will be increased. This result
also holds for X° < 6° initial conditions. Expression (45)
effectively defines the idealized limit-cycle accuracy of the
control logic in terms of |J|min.

Summary and Conclusions

A control logic is developed herein which allows one to com-
pute a sequence of optimum impulses that force the solution
of Eqs. (8) and (9) into a predictable [expression (45) ] ideal-
ized neighborhood of the point Eqs. (27). The control logic
is not restricted by either small-angle approximations or by
the kinematic singularities customarily associated with Euler
angles. The control logic may be implemented by measure-
ment of either the pointing error angle and the angular ve-
locity vector10 or by measurement of three angles (or three
direction cosines).

The developments of this study are predicated on a gi in-
balled torqueing system, and the resultant simplicity of the
•control logic is, to a large extent, purchased at the expense of
mechanical complexity. There is no reason, however, that
the analytical approach employed in this study could not be
applied to a simpler mechanical system. For example, with
a single-axis body-fixed torqueing system one would obtain
forEq. (1)

(46)o>i -f aQco2 = MI/ I = Ui, d>2

where the control element u\ is bounded by

Ui = Ui, or u = 0

0

(47)

Initial results with this model suggests that a "best-impulse"
control logic can be formulated which will in general reduce
the system error to a predictable and acceptable level. A
control system using one body-fixed control torque is not as
flexible as the gimballed control logic, and becomes inefficient

for some inertia ratios. Use of one body-fixed jet does not,
however, increase the sensor requirements. A detailed report
on a single-axis control logic is in preparation.

References
1 Windeknecht, T. G., "A Simple System for Sun Orientation

of a Spinning Satellite," National IAS-ARS Joint Meeting, Los
Angeles, Calif.,1961.

2 Grubin, C., "Generalized Two Impulse Scheme for Re-
orienting a Spin-Stabilized Vehicle," Progress in Astronautics
and Rocketry: Guidance and Control) Vol. 8, edited by R. E.
Roberson and J. S. Farrior, Academic Press, New York, 1962,
pp. 649-668.

3 Grubin, C., "Two-Impulse Attitude Reorientation of an
Asymmetric Spinning Vehicle," Journal of Spacecraft and Rockets,
Vol. 4, No. 3, March, 1967, pp. 306-310.

4 Thomson, W. T. and Reiter, G. S., "Motion of an Asym-
metric Spinning Body with Internal Dissipation," AIAA Journal,
Vol. 1, No. 6, June, 1963.

5 Porcelli, G. and Connolly, A., "Optimal Attitude Control
of a Spinning Space Body—A Graphical Approach," IEEE
Transactions on Automatic Control, June 1967, pp. 241-249.

6 Porcelli, G., "Optimal Attitude Control of a Dual-Spin
Satellite," Journal of Spacecraft and Rockets, Vol. 5, No. 8, Aug.
1968. pp.881-888.

7 Childs, D. W., Tapley, B. D., and Fowler, W. T., "Sub-
optimal Attitude Control of a Spin-Stabilized Axisymmetric
Spacecraft," IEEE Transactions on Automatic Control, Dec.
1969.

8 Harding, C. F., "Solution of Euler's Gyrodynamics," Journal
of Applied Mechanics, June 1934, pp. 325—328.

9 Sabroff, A. et al., "Investigation of the Acquisition Problem
in Satellite Attitude Control," AFFDL-TR-65-115, Dec. 1965,
Air Force Flight Dynamics Lab., Wright-Patterson Air Force
Base, Ohio.

10 Connolly, A., "An Active Nutation Control for a Spinning
Spacecraft," Rept. TR-0158(3307-01)-16, Proceedings of the
Symposium on Attitude Stabilization and Control of Dual-Spin
Spacecraft, Aerospace Corp., 1967, pp. 111-118.


